This paper proposes a new concept of comonotonicity of uncertain vector based on the uncertainty theory. In order to understand the comonotonicity of uncertain vector, some equivalent definitions are presented. Following the proposed concept, some basic properties of comonotonic uncertain vector are investigated. In addition, the operational law is given for calculating the uncertainty distributions of monotone functions of comonotonic uncertain variables. With the help of operational law, the comonotonic uncertain vector is applied to the premium pricing problems. At last, some numerical examples are given to illustrate the application.
INTRODUCTION
There exist two basic types of structures among variables: independence and correlation. Compared with independence, correlation contains more complex structure forms. How to deal with the problems involving correlative variables mathematically has become a challenging problem.
In many real problems, when one variable fluctuates because of indeterminacy, others also may show similar fluctuations. In order to deal with this phenomenon, the comonotonicity theory is accepted widely. Over the last decade, researchers in economics, financial mathematics and actuarial science have introduced results related to the concept of comonotonicity in their respective fields of interest. In risk analysis and decision making, except for the research on risk measures (Artzner et al., 1999; Choudhry, 2006; Peng, 2009; Szego, 2004) , it is necessary to consider the structures of risks on the purpose of minimizing the loss. Thanks to the works such as Roell (1987) and Yaari (1987) , comonotonicity has become an important concept in economic theories of decision under risk and indeterminacy. In some models of decision theory, the independence axiom of expected utility has been replaced by a comonotonicity axiom (Kast and Lapied, 2003; Wakker, 1996) . In actuarial science, Dhaene et al. (2002) used the concept of comonotonicity based on inverse distribution function as a tool to make safe decisions. Besides, comonotonicity can be also found in insurance, risk management and stoploss premium principles (Cheung, 2008; Dhaene et al., 2000 Dhaene et al., , 2006 Ludkovski and Ruschendorf, 2008; Wang and Dhaene, 1998) . Recently, Ekelanda et al. (2012) extended the concept of comonotonicity to the case of multivariate in order to cope with the multivariate risks problems.
In the area of fuzzy set theory, the idea of comonotonicity can be also found as a tool to deal with fuzziness that was established by Zadeh (1965) . For example, the comonotonic function is introduced to portray fuzzy risks in the risk decision theory. The properties and applications of comonotonic function can be found in the literature of fuzzy measure and risk analysis Vivona, 1996, 2000; Bernadette et al., 2002; Mesiar and Ouyang, 2009; Modave and Grabisch, 1998; Narukawa and Torra, 2009 ).
As we see above, the theory and application of comonotonicity relate to either probability or fuzziness. In fact, sometimes, many indeterminacy phenomena behave neither like randomness nor like fuzziness. For example, in order to calculate the insurance premium for a new type of risk, an insurer needs to obtain a large number of claim data about the loss derived from this type of risk. However, very often we are lacking in the observed data about it, not only for economic reasons, but also for technical difficulties. It seems that we have to invite some domain experts to evaluate their belief degree that loss will occur. Since human beings usually overweigh unlikely events, the belief degree may have much larger variance than the real frequency. Thus, the law of large numbers is no longer valid and the probability theory is no longer applicable.
In order to deal with such indeterminacy, Liu (2007) founded an uncertainty theory, and it was refined by Liu (2010b) . The uncertainty theory is a consistent mathematical system which is suitable to cope with the indeterminacy, and especially suitable for the situation with subjective estimation or lack of historical data. That is, when the sample size is too small (even no-sample) to estimate a probability distribution, we should deal with it with the uncertainty theory. When the sample size becomes large enough, the uncertainty disappears. Mean while, the problem at hand becomes probabilistic, and we should use the probability theory instead of the uncertainty theory. The uncertainty theory provides a new approach to study the risk and insurance problems. Liu (2009) introduced the uncertainty theory in finance and promoted the research on uncertain financial markets. Liu (2010a) proposed the uncertain risk analysis and uncertain reliability analysis to quantify risk and deal with system reliability. Peng (2009) and Peng and Li (2010) presented value at risk (VaR), tail value at risk (TVaR) and spectral measure of uncertain variable in risk analysis. Peng (2013) presented two types of risk metrics of loss function for uncertain system.
In this paper, we aim to introduce a comonotonic uncertain vector within the framework of uncertainty theory and apply it to premium pricing.
The remainder of this paper is organized as follows. Section 2 presents preliminaries in the uncertainty theory. The concept of comonotonic uncertain vector is formally defined in Section 3. Some basic properties of the proposed comonotonic uncertain vector are investigated in Section 4. In Section 5, the applications of comonotonic uncertain vector are discussed. The last section contains some concluding remarks.
PRELIMINARIES
Let Γ be a nonempty set. A collection L of subsets of Γ is a σ -algebra. Uncertain measure M introduced by Liu (2007) is a set function if it satisfies the following axioms:
(1) (Normality) { } 1;
An uncertain variable is defined as a measurable function from an uncertain space ( ) , ,
Γ L M to the set of real numbers. A n-dimensional uncertain vector is a measurable function from an uncertainty space to the set of n-dimensional real vectors.
The uncertain variables ξ and η are identically distributed if 
L a b where a and b are real numbers with < a b , and the inverse uncertainty distribution is
An uncertain variable ξ is called normal if it has a normal uncertainty distribution
N e σ where e and σ are real numbers with 0, σ > and the inverse uncertainty distribution is ( )
An uncertain variable ξ is called zigzag if it has a zigzag uncertainty distribution ( 1 2 ) 2 , 0.5 (2 2 ) (2 1) , 0.5.
The expected value of uncertain variable ξ is defined by Liu (2007) as
provided that at least one of the two integrals is finite. In order to discuss the problems of multiple uncertain variables, Liu (2010b) introduces two functions as following.
A real-valued function
is said to be strictly increasing if
x y for at least one index j.
x is said to be strictly decreasing if
COMONOTONIC UNCERTAIN VECTOR
We first recall the comonotonicity of a set of nvectors in
the notation p x y will be used for the componentwise order which is defined by ≤ In order to give the comonotonicity of uncertain vector, we will first define the notion of support of ndimensional uncertain vector. ξ n is comonotonic.
The comonotonicity of an uncertain vector shows that the higher the value of one component, the higher the value of any other component.
Next, we give some equivalent definitions by following theorem to know more characterizations of comonotonicity.
L n is comonotonic if and only if one of the following equivalent conditions holds:
(4) There exist an uncertain variable ς and non-decre-
. Assume that uncertain vector ξ has a comonotonic support B. We define
Then there must be an i such that March 2013 , pp.16-22, © 2013 (2) (3). For all
x . Then, we have
which just is the distribution function of uncertain vector
(3) (4). It is obvious. (4) (1). Let B be the support of uncertain variable ς . Then the set
show C is comonotonic. Hence, ξ has a comonotonic support.
The theorem states that we can depict the support of comonotonic uncertain vector by the inverse distribution function of component of uncertain vector. We can prove easily the uncertain measure of ( , ) ξ η is 1 in the set ( ) < < which just is the support of comonotonic uncertain vector ( , ) ξ η . 
SOME PROPERTIES OF COMONOTO-NIC UNCERTAIN VECTOR

For any i, j, it is obvious that ( , )
i j -projection ij B is the comonotonic support of ( , ) i j ξ ξ . The necessity is proved. Conversely, suppose that ij B is the comonotonic support of ( , ) . 
Thus uncertain vector η is comonotonic. M Λ = The theorem is proved.
For any finite comonotonic uncertain variables, we can prove the general conclusion by Theorem 5. 
is a strictly increasing function, then
is an uncertain variable with inverse uncertainty distribution
.
is a strictly increasing function and Theorem 6 that 1 1 1 1 1
On the other hand, there exists an index i such that
is the inverse uncertainty distribution of ξ . is an uncertain variable with inverse uncertainty distribution 
APPLICATIONS
Premium pricing is one of the most important problems in actuarial science which are inseparable from risk analysis. There exist different premium principles due to diverse perception of risk. Generally, individual risks are usually assumed to be mutually independent in risk analysis. But sometimes, in insurance portfolio of risks, one risk fluctuation originated from uncertainty may influence others. For this reason, it is not proper to estimate the risk under the independence assumption. Therefore, the comonotonicity is more accurate than independence for the dependent structure of risks. Next, we discuss the application of comonotonic uncertain variables in premium pricing. In this section, the risk involved is regarded as an uncertain variable. And, the insurance pricing discussed is based on the uncertainty theory (Peng, 2010; Peng and Li, 2011) . The premium pricing of uncertain variable ξ is defined by Peng and Li (2011) 
. The above examples imply that when the risks are comonotonic, the uncertain net premium of portfolio is the linear sum of every risk premium. However, generally speaking, the uncertain net premium is not necessarily linear if the comonotonicity is not assumed in uncertainty theory. 
CONCLUSION
The comonotonic idea often appears in actuarial science and finance. In the past, the theory and application of comonotonicity are mainly related to the probability theory. The uncertainty theory provides a new approach to deal with the comonotonic uncertain phenomena. In this paper, the concept of comonotonic uncertain vector was introduced and some properties were investigated under the framework of the uncertainty theory. It was mainly proved that the expected value operator satisfies the linearity for comonotonic uncertain variables. In application, the comonotonicity of uncertain variables was applied to premium pricing problems and some interesting results were obtained. It was found that the obtained results are different from those in stochastic insurance, and for the purpose of comparison, some numerical examples were given.
